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static yield stress

0
= Oif
slope of beam = =
@ 3 ax
. dot denotes differentiation with respect to time

1. Intrcduction. We consider a uniform cantilever

beam with attached tip mass moving initially with velocity ¥
normal to its length. At time t=0 the root of “ne beam is
instantaneously brought to rest by contact with a rigid stop,
(Sce Fig., 1). The problem is to determine the subsequent
motion of the beam and, particularly, its permanent plastic
deformation. Interest in this problem stems from the fact
that it represents a case in wnich the plastic deformation
of beams under impact loading can be conveniently investi-
gated experimentally.

Lee and Symonds [.] showed that a comparatively simple
theoretical analysis of problems of dynamic loading of beams
is possible if it 1s assumed that the beam is made of a rigid-
ideally-plastic material. This rigid-ideally-plastic analysis
was further developed by Symonds and Leth [2] and by Mentel
(3}« In addition, experimental investigations of the pro-
blem have been carried out at Brown University, and the re-
sults have been reported by Symonds, Green and Mentel 4],
and by Mentel [3]. Large quantitative discrepancies were
found between theory and experiment. Mentel [3] attributed
the discrepancy to strain-hardening and strain-rate effects

which are neglected in the rigid-ideally plastic analysis.
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Impact tests made by rParkes [ 5] showed similar Jdiscrevancies
with the elenentary rigid-ideally plastic analysis. Parkes
showed that a simple ccorrection made for a strain rate ef-
fect alcne led to good agreement. Both Mentel and Farlkes
used a value of limit moment which was cconstant in any one
case, but multiplied by a factor to tale account of rate of
strain, 'While their method of correc*“ion gives the right
magnit'\des of corrections needea in the cases studied its
general validity seems highly uncertain.

It therefore seems desirable toc extend the theoretical
treatment of -~he problem to inciude strain—hardening'and
sStrain-rate effects, The vresent renort is an attemot to
make this extension. Theoretical analyses are presented for
beams which exhibit either strain-hardening, gr strain-rate
sensitivity, separately. The influences of these effects on
the permanent plastic deformation is studied. 1In addition,
expressions are derived for the magnitudes of the piastic
strains and strain-rates which occur in the bear, and nuner-
ical results are vresented which anply to the beams used in

the experiments [3, L].

-~

2., GCeneral Analysis.,.

2wl Stress-utrain Helations. Two stress-strain rela“ticns

for the plastic range are considered:

9 =0 +=2¢ a > a (1)
n
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relation (1) in*trcduces linear strain-rarideninz zs illus-
trated in rig. 2. Note that the ccnstant n can be irter-
preted as the ratio of the slopes of the elastle and plastic
portions of the stress-strain curve. Relation (2) intrcduce:
a strain-rate effect but no strain hardening. This particulzar>
tor: of the stress-strain relation is suggested by the ex-
periizental data of liadai and Manjoine on the devendence =f
the yield stress on the rate of straining [9, 5]. By suit-~
able choice of D and p, relation (2) can be made to agree
closely with experirental o-é curves. This 1s shown in rig.
5, which comvares the experimental G- curve for mild steel
with relation (2).

In this analysis elastic strains are neglected; the
material is assumed rigid when the stress 1s less than tre
static yield stress ¢, . According tc references (1] and [2]
the criterion for the validity of this assumption is that the
beam's inZtlal kinetic energy should greatly exceed the maxi-
mum elastic strain energy which can be stored in the beam.
The criterion is satisfied for all avplications which we
make of the present theory.

In order to develop moment-curvature relations from
the stress-strain relations, the usual assumptions of bteam
thecry are made. Thus we assume that plane cross-sections
normal to the centre-line remain rlane and normal to the

centre-line during bending; that the crcss-section has two
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The stress-strain relations (1) and (2, can bte regarded

as special cases of a more general relation. Malvern [7] has

suggested the form for the o-e-e¢ relation

~~
N
~

glo - £(e))

m
1
Sl =
i

where ¢ = f(e) is the static stress-strain relation. Thus,
the plastic strain rate is a function cf the "excess stress’
o - f(e)., If elastic strains are neglected the term o/E can

be deleted., The relation

e)p

(6 -~ o0 =

L]
&
0

ol o)

is a special form of (5), and includes the relaticns (1) and
(2) as special cases. The corresponding moment-curvature
relation is

x = D' (¥ - M (1 + )P

2 a2 Lguations cf Motion. While plastic defecrrmation cf an
ideally-plastic beam is ccncentrated at certain points
(plastic hinges), the regions cof plastic flow in a strain-
hardening or rate-sensitive material can be expected to ove

of finite length. This, plus the fact that the position and
extent of the plastic regions are not a criori knewn, wculd
greatly complicate the analysis, were 1t not fcr experimental
evidence which suggests that scme simplifying approximaticns
are permissible, Ffrom the tests carried cut by Mentel, Green,

and Symonds [4+], it arrears that:
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(1) plastic flow occurs conly in 2 region adjacent -o°

the root ¢f the beam,

—~
nY
e

the length of the plastic regicn is short ccxrared
with the length of the beam,

(:) bending takes place in one sense only; that is,
the benaing moment in the plastic region elways
has the same sign.

Thus, with the 5 inch long bezm srecirmens tested bty

Mernitel, Green, and Symonds, only that part ¢f the bearx withir

1

about /& inch of the rcot was perranently bent after ixzract
Jutside this region the bsam srecircens apreares to rermzin

straight and unbent.

The above exrerimentzl evidence ray not, at first sigh
seemn to be in harrony with the arzalyses of Lee znd symonds
[1], or 3ymonds and Leth "2, who show that two rlastic

hinges, one at the root and one in the interior, are to ce
expected, and that the senses of rotation &t each zinge are
orposite tc each other., However, Mentel _3] hzs snown that
the effezt of the interior hinge is cften negligibly small,
especiglly if Il is large. Thus the rigid-ideaily-vlastic
theory also indicates that rlastic flow is essentizlily ccn-
firecd to the root of the bezam.

In view of tnis evidence we zssume that the moticn <F

the beam after imjact is approxirmately a rizid-vcdy rctaticon

[(3)

abeut the root, and we assuze Tk

iz ‘thie tEwaEtions of moctionp thE rFegicn of mldstice Flawm oan

ct

t, fcr tre purrose ¢f Jderiv-
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be ade ‘aately representec by a roint hinge. Then, treating
the entire beam as a rigid bcdy, and referring to rig. 3,

we: r'ind that the eguations of linear and angular mormentum

are
w=-Efsoe=-2 120 (6)
= 2 2
3 & 2 v
Moo= - L pd vl 6= -2 (143K 6 (7)
o 3 3

2wl initial Conditions. It will be necessary tc know ini-

tial values cf @ and G,

Clearly, the value cf & at the instant cf impact is
6(0) = 0. To find the initial value cf é we use the fact
that the argular momentum about the rcct suffers no irrul-
sive change at the instaﬁt cf impact, This 1is sc because
the bending momernt M, 1s limited to finite values, wrile
the impulsive shear force Qm, although possibly infinite at
the instant of contact, prcduces no torque abcut the root
of the beam. XZence no impulsive torque acts at the instant
of imract. Equating angular momenta of the beam abcut its

root before and after impnact gives

m%zv . m£36 C n{é( )
= + €
2 - 3 ¥ \J
vhence
o(c) = = (2= @)

(‘O ' -
1]
4
o
=



2ol opent-angle Relat C

articular instant, let plastic Jlcw e ccnfined tc the re-

ha

'-‘e
mm
o
-
(]
(&)
L)
B
'S
&
[¥)
(1]
u\

gion 0K x( Xy &s snown iIn
Junction of tire. For x> Xxp, the beam is rigicé, If z, 15
the largest value of x, then for x > x the Teaz rezzins

straight, The slope at zany point of th

X rx

ol

5 = xdx = rdx - %A ey
OF Q. b
Jifferentiation cf (9) gives the angular velocity 27 the

Q-

1
(9]
>

it
x
e.
'_J
(&

ince « =0 for x > xq.

w

T v ~ . ~ - - am s o -~
If rotatcry inertiz is meglected, the shezr flarce anz
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icWw jeflections near the root zre small, 2nd it is reascn-
able to surpeose that acceleraticns nezr the root zre smail
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*e - N
ilso. Thus, we assume that y is so small within the plastic

region that the term my may be neglected in compariscon with

%3. Then

0X
QQ.:O
ax

wherce
¢ = <

for 0L ® K X, Further,
¥ =
0X m

== QX 4 &L )

For @ & x| & Xy, o at the becundary of the plastic region M=i;

that is M:MO when X=X . Hence

BIE =1 & (xn - X) ¢ (22l
Futting x=0, we find
Mm = lo + Xn qm
or
_ - M
X, = : (13)
m

From (12) we note that, within the plastic region,

dx = - 4d (14)
U
Substitution of this result into (10) leads to
* X:X » o fz‘i-—-M ']
0 = R e S I (15)
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If % is a function of M ~nly, then (15) can be evaluates to
give a relation between é, i,y ani Qm‘ This relation, <o-
gether with the two eguations cf motion, (6) and (7), is
sufficient for an analysis of the motion of the beam.,

From (2) and (14),

if Xn is an increasing {unction sf time, then »=0 for x > x

and hence
~ =M
c = =L 9 uaM (16)

This Integral can be evaluatea if x is a function cf ! only.
Again. this relaticn, plus the two eguations of aotion, (6)
and (7), are sufficient for an analvsis of the motion of :he
btear.,

To investigate whetna- o is an increasing or Zdecreas-

ing function cf time, consider

Xn - O .

I76K, 2v

I -

3*6K mf (1+2Kr)8

-~ (17)

which is cbtainea by substituting for M_ and 3, from (&) and
s i)

(7) into (13). HNote rthat 6 is a negative quantity.

i
U
.

& will increase with 9

For & Sitradn harcening beem,

-

and with tine, and hence the Jjeceleration 9 will also increese
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in absolnute value with time. Then it follows from (17)
that X is an increasing function of time,
for a rate-sensitive beam, velocities and strain-rates

can be expected to decrease with time, and hence sc will M.

Therefore the deceleration © will decrease in absolute value
with time. Hence, from (17) X, 1s a decreasing function cf

time in this case.

It follows that formula (16, may be used for a strain-
harderniing beam. For a beam which exhibits toth strain-
hardening and strain rate effects, however, it is not clear
how Xn changes with time, and hence 1t is uncertain whethrer

formula (16) applies.

3., aAnalysis for Strain-Hardening Beam.

3.1 Calculation of Damage Angle 6¢. Here the moment-curva-

ture relation 1is (3), namely
M= My (L = ), M > g

or
I
NI

Substituting this into (16) and integrating, we obtain the

relation
N2
Moo=~ M
o = Uhp = My) (18)
2N\ Mo

blimination of @ between (18) ard the egquation of motion (6)

and (7) leads to the equations
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o = (226K, L_ (8-1)° \
3+6K 2N S !

where 5 = M_/M_ . 3olving the first of equations (19) for S

we obtain

where

substitution of (2C) into the second of equations (19) gives

- 3

e 6!‘1 : + !, 2 i
@ = - =L <(2 +a0) I (1 +a6)° -1 7 (21)

3 (2+6K) | ’ )

at & increases so does M,, because of the strain hardening
and consequently the angular deceleration of the beam in-
creases also., This shows that the positive sign must be
chosen in (21).

Now

N - A dé - : d | - 2 ~
6 = == = 29 ¥ = E. (Q 2
< 4 e a ( ) ( C)

and hence, from (21) and (22),

. 2 :
d(@z) = . 22ty Jl + a8 + (1 + a9)2 - 1 746
N i

md- (2+6K) f_ 1
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The damage angle 8, 1is fcund by integrating (z3). Tro

1limits o intesraticn are: at the Leginning of woticn 8 = 0 zad

A
o =1 (2Lc()’ the rotion ceases when G = 0, at which time 6 = ¢

dence
&=0 . -12M Op T \
II 4(e?) = 0 ; Jl + a6 + (1 + 19)° - a8
: nt3(2+6k) || ;
A=V, 3+€X 0
o= 107y
o7 ,2 V\3 ?@f i ! 2 .
aETIV. (3 + 6K3- o | il + £ + V"(l +8)7 -1 ‘dg
12nif (2 + 6K)2 ) )
o) 0
n \
i 4 ) 2 b
= \Wl+g o 1 +E) -1 (a8 (2u)
'O {
where
§ = ag
= = I (3_’}.'_6_}' o
N = %O rTT % ¢ (25,
Now )
n i T D) &
[f1+g+v(1+g)-1,dg
. /
0 | i e p
= % 4271 + 0%+ (140) |/(1+0)%=1 = ga(l+n+ /(1+n)°-1) i
= % F(n) (26)

Then (24) becomes
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2(n) = @I 3+ 6r)3
6m~€ (2 + 6K)°

”Lﬂ2 (3 = Bl )3 (29)
nw'o (1 + 3 )

oopo

and (¢9) may te written, using (27)

o)
e 21
5% Fm (28)
where 2
o = 3 w&vd 124 .
. (2G)
) - l ry qn) /

is the dameage angle wrich would be ottained if the team were
‘deallv rlestic. Relzation (29) is ~erived in reference "L},

Fquations (27) and (28) give the relation betwveen

P
8¢/@O and the non-dimensicnzl velocity BEIV ﬁé_i_iilz. mhi g
! n (14 2K

relation is plotted i figure 6, together with experimentalily
determined points taken from the data of reference [3],

In oraer to plot the exrerimental points an estimate c:
the value of n 1s needed, which is obtained as folilows. ve tezke
the slope of the post-yield portion of the stress-strain curve

to be aprroximately

g -0
ULT 0
>
ULT
Where O ypm is <h2 ultinate stress of the metal and 8"‘T the

corresponding fractional eliongaticn. Then

E=
- |
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for tne mild steel beams used in the experiments, OU'T = 65, 000
ULT = 0.1, whence n = 130. This valiuc
1
was used 1n plotting the experimental points of figure 4,

psi., do ~ 33,000 psi.e €

The non-dimensional velocity mﬁlli 1+ 2p)3 can ba
n)-‘[‘g (1 + 3K)

interpreted in terms of the ratio R of the beams initial xinezic
energy to the maximum elastic strain energy which can be storec
within the beam. (Recall that it 1s thils ratio which determines

whether elastlic strains may be neglected,) The expression

for R is
% m%VZ e % GV2
R =
<l
1 r
2 EI

Q
and hence
mrf e’ p, g eed ]
- n
(1 + 3K) L1+ K)(L + 3K)° ]
@k
The quantity ! 3 s is plotted in figure 7, and it

(1 +K)(1 + 3K) |
can be seen that this gquantity i1s almost constant over mosc of

the practical range of K. Thus the reduction in damage angle

(6]

due to strain-hardening 1s chiefly a function of R/n, the para-

Fal
i

meter K having cnly a small influence,
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[
e
—

3

4.2, Zalcul-ticn of daxirum plastiz Stral

[

"he maxioum strain occurs at the root cf tie Leun, wieve

tr.e cending moment lc greatect,

fweE (30 :
« = 2 (2L -

and hence the curvature =zt the root of tne becm 1s

i

4
AN 4
.o

IH
'
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w
I

H
>
o
>

=ae+v’4;:a@)a-1
A

using (2C8). The strailn at the extreme fibre, zt the rco*, is

e -

then L

; e
xe=§ a8+ /(1 +ae -1

and tha final strain zt tnhe end of <ne deformaiicn :is

~

~ | | 2 )
Bl ‘agf + (@1 -+ GQf) - l"
Mce o , = .
o ) . < 3
=8 — < n+ 1+ -1 it
2 1 , =

Equations (27) and (31) give the relation between the
raximum strain and the non-dimensional impact velocity. This
relaticn is plotted in figure & uUsing values of the parnmeters
appropriate to the mild-steel beams which were used in thae

experiments reported in reference [3].



3.3, _2alculaticn of Crrajn-Rates:

rrom (30) and (21),

nM_c

- 0 2
¢n = TET (a0 +\/G.+ ag) 1)

and differentiation of this result with respect to time gives

nM ¢ °
e = —> [1+ 1 ] a0 (323

m EI >
Jkl +a0)" -1

Note that as © tends to zero and © tends to the initial (finite)

angular velocity, then, according to (32), ;m tends to infinity.
Thus the present theory predicts that the initial strain-rate
is infinite.
The mean strain-rate, i.e. the time average strain-rat.
at the rcot of the beam is
, J edt .
N = = 33
L2 Jdt | at oY

where the integration extends over the time during which plastic
(

flow occurs., To find |dt, return to equation (23) and integrate

it between the limits © = 6, @ = 6, and the final values 6 = O,

8 = 6_.. Thus

0=0 0=0
,’ 2 -12M, N DR
1 d(e) = ! ]l + a0 + V(l +a0) -1 (a6
" 3 I
@ZQ m’?/ (2 - 6K) @-_-Q
whence
02 6nM(2)
¢ = [F(q) - F(ce)]

nETL2 (3 + 6K)

using (26) and (25). «fter solving for & = d68/dt, we can obtain



SISz J1

1t = mEILS(3 + 6K) | da
\ 6nHi N [(F(n) - F(GG)]t

The length of time -“uring which plastic flow occurs then is

S T S0 e [(F(n) - F(GQ)]-%dQ
‘ 6nM° /
CO &=0
£=1q
e g™ 2 % "
- mond (2 + 8K)T & o, i _ .
PT (3 + 6K) J [F(n) - F(E)] ~ <& (21
" E:O

on substituting § = a8 from (25),

The integral in (3%) has to be cvaluated numerically.
In the above form, however, the integral is not suitable for
numerical treatment because of the singularity at the upger
limit. This singulurity can be removed by integrating once bv

parts ana then making the substitutions

i |
ISR G AT
. (35)
:
p=1+1n - V(l + q)2 -1 |
This maneuver reduces (34) to
1
( £ 1
6! ' £ %
- gt =1 - | - B84 « (36)
md2v(3 + 6K) ' lp H(p)
while the substitutions (35) change (26) and (27) to
= 3
H(p) = ma%gi (1 + 2K)" (37)
% n¥y (1 + 3



Hp) = L4 gnp® -1 (38)
P

'irally the time-averare strain-rate is found using (31), (33),

(36)) (37), and (36), as

e = %im\% {1+2X) ,-}5 (1 - D\ ‘ &)
A A aer 1302 Ty 2t Mo s
L R (.o '
N p s

Equations (37) and (39) give the relation betwcen non-
dimensional impact velocity and mean strain-rate., This is
plotted 1in figure 9, again using values of the parameters aprro-
rriate to the mild-steel beams which were used in the experiments
reported in reference [3]. We note that the mean strain-rate

depends significantly on K.

3.4. Length of Plastic Region

From the equations of motion (&) and (7) we obtain

- My i
U = EEE)

and substitution of this result into (13) leads to

X + 6Ky S = 1 .
T (3 2e) 5 (40)

where S = Mm/Mo‘ Substitution for S from (20) gives

X
B - (E86) (- a0 + /@ + 00)? - 1)

The maximum value of X, is given by
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]
=
n
E‘
1
)
O
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\
=3
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+
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!
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XV
max (-4

L 3 + 6K
?ﬁﬁ-")(- M+ (s 2 o) (L1)

"he value of max(%ﬁ) i1s plotted :gainst the non-dimensional

impact velocity in figure 10.
Since it is a basic szssumption of the present analysas
that x /4 is small, figure 10 shows that there is an ugpper limit
n
14~

on the impact velocities for which the present theory is wvallid.

Tne requirement gn/£,<< 1 will be satisfied provided, say,

mEIV® (1 + 2. 2’3— < .05
m’2 (1 +3K)°
Recalling from the discussion of section 3,1 that

mEVzL_’f_&I_’L_.as
QMZ (1 + 3T0

then the requiresent can be stated
R < 0bn

For n = 130, this becomes R < 8, roughly. On the other hand,
there is the conflicting reguirement R >> 1 which must be satis-
fied in order that elastic strains may legitimately be neglectzd.
Therefore it appears that the present analysis is valid only

for a limited range of R, in the neighborhood of R = 8.
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+. nralysis for hate-Sensitive Beam

4,1, C.lculstion of vamage aAngle 6.

Herc we use the mcm~nt-curvature relation (&), which

introduces a struin-rate efi'ece,

% = D' (M - Mo)p

li

B .1)P (L2)

0

(3

where, for a beam c¢f rectangular sectiocn,

B = cD'MP = DoP (Q.D_:_ZL)p
= o) o] 2p

¥e note that, in terms of #, the stress-strain relaticn (2) can

be written

C - g(2p P o p
€ B(2p 3 l) (;; = l)

From (42) and (15) we find that the moment-angle relaticn

° m [ ]

S = & % (M)dM
M(‘
BMO M

(=B - 1)P (L3)
Q (p + 1le "M,

Eliminaticn of Qg between the equa‘ions of moticn (6), (7) and

(43) leads to -

+_L .
§ = Bt 2+ 65 (s - 1)" (ke
(p + Lyc '3 + 6K S }

" fly o‘\’l
o € (45}

ndi2 + 6K

where 35 = Mm/Mo. From (L),



Pl
- g;e/ 2 + QK - - 1 (S -1)
9 = TEEE | D 2 )}ds (e
Now P % 2 ° G
= 48 _ - )
o-f-df-o
Whence P
de = 848 (47)
0
Substitution from (44), (45), and (46) into (47) ylelds
255 ( 2ptl 2p*2
de = —_- mBL’ L2+6K)3)18-ﬁ1) - 1 LS-;L)pl\dS
6(p + 1)c?M, (3 + 6K)° | 53 (p+ 1) gt 1
(L48)

The damage angle 6, is obtained by integrating (48). The limits
53

of integration are obtained from (44+). At the beginning of the
N .V k
wotion ¢ =0 and € = % (%fg?(). Then, using (44) we find that S_,

the initial value of S5, 1s given by

ptl
(85 = 1) g . B 2
= Ja (32 ‘
(p + l)SO gl (2 + 6K) (o)

The motion ceases when 6 = O, Wwhen @ = 0, then 5 = 1, from (i),

Integration of (48) between the limits © = 0, S = 5_and © = €y

0
S =1 gives
4
. mD (2+ 61f)3 ' 2p+l . .2p*2
o= D i B : & (E - 1) ot (5-1) ldS
T 6(p + l)czmo (3+ 6K)2 . g3 (p+1) 5L+ g
)
" X 2ptl 2pte:
_ 2 2/(’14- KL” O( p .
=g B (2 + 6 / (S = 1) - i {5-1 l4s
°(p+l$Vcr- 3+6K)-ii g3 (p+1) S {
‘1 (50)

where
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1s the damage urgle w~hich wculd be cbtained if the beam were

ideally plasti~. ~uostitution of (49) into (5C) gives

)
2 o}
o ST : 2p+1 2p+2
L = 2(p-1) o CoLe - 1) J L (8-1) T s
90 . ) op*2 L 33 (p+1) 3t
o - 1) i (51)

By integrating the second term in the integral by parts we
obtain : S

2, 2(p + 1)S .0 - Ep*l

=== 3§ + g | LS - l§ ds Cse;

0 °© (s, - 1)°F Jl S

If 2p+1 is integral, then the integration of (52) is
elementary. However the results are not suitable for computaticn
ard a better procedure is the follecwing. 3y introducing a new
dummy variable SO -8

0 =
8, =1

(52) is reduced to

1
[ =3
e | 2n+l S. -1
e +2(Dgl))(l-u)p [1 - w(-2—2)] qu
Q JO 30 O Do
- , S -
Expansion of [1 - u(_Qg__E)] 3 by the binomial theorem then gives
o)
1
oe) SR
oy = 2. + 2(p+1) (1-u)2p+l s {o+g)(n+l) (20 l)n wfdu  (53)
5 380 380 n=0 2 SO
0

For O ¢u <1, the series above converges uniform.y fcr
% < SO <. This runge includes all physically possible values
of So. Interchange of the order of summation and integration in

(53) yields



a. o o) S -1n| -
S22 T owiwen o 5N g fPhn
&, 7 3s, 35, pt 2 % |
0
Jsing the Known result
w1 - w)Prau = L{el[(b)
I + Db
0 e et
we cbtain
2 5. -1
.2 222 o)) Zo 7 TP Nped ) Moped,
eo 380 BSO n=0 c SO P(Zp + 1 - 3)
o 3 -
:—}-J{ 1 +1 5 Linsl(2pe3) (o~ ° l)ni ()
P 1 6 n=1 [(é¢p +n +3 So } 7

The series in (54) converges rapidly znd is suitzble
for numericsl calculation, Note p neea not be integral. =mgua-
tiocns (49) and (5%) are parametric eguations relating ths damasze
angle Gf to the imract velocity V, thrcugh the varameter Soe
This relationship is shown in figure 11. FIxperimental results
from reference [ 3] are slso shown for comparison. 1In trlotting
the experimental points the same value of B was used as was
used in drawing figure 5.

We note that the theory rredicts a sharp dror in the
damage :ngle jue to the straln-rate effect. Over most 27 the
range of wvelocilies the damage angle is about hzlf that pre-
dicted by the rigid-iaeslly rplastic theory, wrich is in rough
agreement with exprerimentzl results. The experimental roints
all lie oelow the tneorevical curves, and this might Tte attritb-

uted to the erfect of straln-hardening which we have not
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cornsidered here.

Three parumeters apprar in the stress-strain relaticn,
namély p, M, (or 00), and 3., In the zurve of 3jamage angle vs.
non-dimensional impact velozity the parameter M, enters only
in the :-cale factor of the ordinate Qf/Oo, while the parameter
P enters only in the scale factor of the abscissa:gfg(%fg%)z.
Cnly the exponent p affects the shape of the curv;i Figure 11
indicates that the curve 1s rather insensitive to changes in the
v.lue of p.

Changes in the value of B would have the effect cf
shifting plotted experimental points tc the right or lieft in
figure 11, Oince the curves are rather flat over most of the
range, changes in the value of B would do little to mcve expéri-
mental pcints closer to or farther from tlie theoretical curves,
Thus the agreement between theory and experiment wculd be
influenced little by inaccvracies in the value of 3, The ordi-
nate @O/Gf, however 1nvolves M (or g ) directly. Changes in
MO would have the effect of moving plotted experimental points
upward or downward, and this would stronzly affect any 1igree-
ment or disagreement between thecry and experiment.

Therefore, in the present theory, the most critical

parameter 1s M, (or do); the others seem to be rather

unimportant.
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e!

he stral. is calculated frorm

£ = } gedt /55)
9
at tre roct cf the beam
® _ Y _ :[m p
e SHC = ﬁ(ﬁ" ="il)

o

from (42). This 1s the greatest strain-rate within the tlastic
(o]

regicn, Then we have

&
: M
" p‘
Bl B8 (;{3—1) dt
i ) ‘O

J

=3 (s-1)° a8

) A

A=
Q

zince dt = i6/6. Hence, using (bb) and (48),

S

oA St S I it S | D
*r T BN < (3 ptaBi)) \ 2 (o= 1) 3 , 45

963 o) ) 1 S \p S }
1 (56,

=)

he procedure used to evaluate (56) is essentially the same as

the prccedure used to evaluzte (51). Going 3dir-ctly to the finz
reisi1l s,
o) ... 3 » i m S -:L A\
e =me¥" (3 6K ‘o - 1) )y . 3 (29 ," pn-2)n(opell |
z " 19W7 2 5 - 1) no 8, Mo en-2 f
(2 + 6}‘./ O o ol ’ \
o7

£

(5/)has been evalusted using wvalues of <he parameters apyrrorr-.ate

t~ the rild-steel bears used in the experiments of Mentel,
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Green, and Symrrds (3], (4], Also, the values of p and B used
in plotting figure 5 w2re zdopted. The results are snc'm in
figure 12,

Note that the strain calculated here is the strain az
the rcot of the beam, which is the maximum strain., The avernge
strain in the plastically deformed secticn of the beam 1is, cf
course, less than this,

It is seen from figure 12 that the curves of em vs. T
are very closely straight lines on a logarithmic scale. Thic
suggests that the em - V relation can be arproximated by a

power . 'w., Using oriy the firs% term of the seriles (57) we nhave

ey o gﬁif2 (v 6] (2n H (58)
m = 3 -
Mo (2 4 6x)2 (3,

From (49)

.
p+l p+l

- 1) = [{p + 1)Ve ,3 + 6K24P p+l
) [ 312 Cwrs Al s, (59)

Use the value p = 5. Then substituticn of (59) into (58) gives

/6,1/6,1/ 8/3 1/%
- m052 g : L 3 . (3 + 6K)C/‘ vll/ (60)

(S,

The range of interest of S, is 1.6 { S, < 2.C roughly. 1In this
i ) 6
range SO /6 varies by only 4%. Hence, putting Sol/ = 1.81/6
= 1.1C3 in (60) we obtain
ot o0 33
h:c.836'167£’:33(1 = 61\) 7 Vl'8>

m =
2.7, 2 + 650707

€

as an aprroximate fcernula for the ma<imum strain.



4,3, _Zaxculation of Struin Rutes

~t the rcot of the bean

& ] p

e =xe= BB -1 = as-1F
.Ao

/1 L

fror. (4.). The maxirum strain-rate occurs at the reginning of

the jefcrmaticn (when 3 is largest) and hence is

°
O»
n
g

= 3(5_ - 1;F (

“quaticns (49) and (62) give a parametric relation
between zaximum strain-rate and impact velocity,

3 b

again an aprroximate formula can be develored, Cubstitu-

ticn s (959) into (£2) yields D
l o+ N
=i VeS s
;_.; | :ﬁp* [(p ¢ l)\/boo (3 . (?:K)Z :
AnX }2 2 + 6}: !

54

Taking p = 5, and using for 3, its mean value 1.8, we obtain

. olé 08 ~ A
I3 o~ _Zl 58 7C 3 -+ 6}:)1.67 YJ.OJ /_;J-:(\
ak = 1.67 2 + BK I
2

The mean strain rate, i.e. the time average strain rate,
at tne rcot of the beanm is

= = L (A%
Jat  fas

where the integration is taken cver the intervzl 3during wiich

€.,
Moal

plastic det'ocrmation cccurs., €_ has already been evaiuzated. low

sad

’

}dt = a’j.Q
9 5.
—‘-} ~ R L) i "\ ’ o~ D - ’ p-rl }
= e B _‘/\_‘L‘O.:J Ji J"j-:. 2 L Q-l) dS 7 [N
6Moc (3+6}) 32 (p~1) 23 ) R
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by using (44) and (48). The integral (A9) can be evaluated by

the came procedure used 1n evaluating (91). The resvlt 1is

’ - )
- V(3+6K) 1 = 2 (9+2) ,S0~+ n
dt m L] - l + Dé_rl—__lul)—_). ——— e

Substitution of (6¢) and (57) into (64) yields

{1 + ;O Efﬂiglﬂignilg ( )
5> (p+1)s, | n=o [(2p + n + 2 3

o)
© MBAN %2(2+6V) (5, - 1)

[1 + GJ [(n+2)[(2p+] O_l)nl
n So

. e F(2pl ' 2 J
= EMaAx
5 ( 2 ) So-:L nl
1 D Z e mﬂlﬁ;l_ ( )) (67)
|” nZo o +p +2) 5o ~
in view ~f (62) and (49).
In figure 13, numerical results fortsMAX and SMEAN are

shown, We note *that, within the range of velocitlies considered,

EpEaN is very neurly one-half of € MAX®

4.4, I2ngth of Plastic Zons

From (40),

(2___§h) S -1
3 + 6K S

The maximum value of x /{ occurs at the begirning of the motion,

n
and iS v S ‘l
ax(in) = (2_+ 6Ky O
mdx(f%) =~ éK) 5 (68)
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The nean value of xn/£, i.,e. the time average of xn/% is given

-

» - | gt
mean(f!l) =X (69)
< | at

Ine expression (69) can be evaluated in the same way ac the
expression (€64) for the mean strain-rate was evaluated. Going
directly to the final result,

-"1 + 2prl) Eo Ln+3)M(p+2) (So-l) '
| 2 n=0 N"(n + p +3) S, !

mean(f&) _ (2+6K)2(SO-1)

L 3+6K" S r ‘
| © S -1n
1+ y [oe2)P(p+2) (Zo —y"
‘ n=0 C'(n + p +2) S5
[ S -1
41+ {2p+1) gj P§n+i)p(2+2§ ( g n£

="X()—cﬂ)o_2.. __;- 7 n:OI"n p 3 o ’
2

~f1 + gg F(n+2)I(p+2) (So'l)nlj
n=0 Mn +p +2) S "
(70)

In figure 1k, max(é?) and mean(i%) are plotted against
the non-dimensional impact velocity. It is seen that, according
to the present theory, the mean value of xh/& is about 1/4 over
most of the range of velocities, and that the peak value of
xn/£ can be as high as 1/2. Therefore it appears that the basic
assumption xn/g <¢ 1 1s satistied only in a very crude mannrer,
und consequently the accuracy of the present theory is

questionable.
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5. Dilscussion of nesults

Trhe foregoing analyses were based on the assumpntion ,
among others, that the length cf the plastic zone is short
compared with the length orf the team, All test results with
both mild steel and alumirum alloy specimens, described in
references [3] and [4], indicate this assumption to be correct.
The region of large plastic deformation occurs in a length
approximately 0.5 in. or less, so that experimentally xn/% < 0,1,
However the analysis developed in this report, which is based
on this assumption, predicts that under the conditions realized
in many of the tests the value of x /4 1s actually so large as
to invalidate the theory. The reaséns for this are not yet
understocd, and the analysis 1s unsatisfactory to this extent.
The discrepancy may perhaps be due to the use of stress-strain
or stress-strain rate relations which are unsatisfactory, since
it 18 by no means certain that stress-strain data cbtained by
Manjoine [6] for high strain rates can be applied to probiems
of bending in the manner done here. Further development of the
theory with a view to removing the assumption x << R is
desirable.

Both the analyses ac:cunting for strain-hardening and
strain-rate sensitivity separately, predict that the damage
angle 1s considerably less than the angle calculated on the
basis of a rigid-ideally plastic material, Of the two effects,
str=in-rate sensitivity apnears to be the more important, and
this conclusion is strengthened by the findings of Manjoine [6]

that the stresc-strain curve becomes flatter at higher strain-
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rates, The reduction in damage angle due to either strain-
nardening or strain-rate sensitivity, by itself, 1s not sufficler?
to bring the thoeretical analysis into agreement with experimentai
results. From the magnitudes of the reductions due to the two
separate effects, however, it seems likely that apreement could

be obtained by considering the combination of the two effects,
This has previously been stated by Mentel [ 3], Thus it would

be desirable to extend the present analysis so that strain-
hardening and strain-rate sensitivity are acccunted for simulta-
neously.

That an extension of the analysis in this direction :is
desirable is evident zlso from the curves of strain and strain-
rate vs, impact velocity. Thus, the predicted mezn strain-rates
in a strain-hardening beam are so large that the neglect of
strain rate ef“ects is not justified. On the other hand,
predicted strains in rate-sensitive beams are so large that
some account should be taken of strain-hardening, even though

its importance diminishes at high rates of strain.
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FIG 12 PREDICTED STRAINS IN EXPERIMENTAL MILD

STEEL BEAMS, ACCOUNTING FOR
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FIGI3 PREDICTED STRAIN-RATES IN EXPERIMENTAL
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